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Abstract
In this paper, we define the Weyl transform and the generalized spectrogram associated with the quater-
nion Heisenberg group. We show that the Weyl transform with symbols in Lq(Q × IQ\{0}, Sq ,dν ⊗ dσ)
acting on Lp(Q,dν) with 1 p ∞ is bounded if and only if q  2 and q  p  q ′. We also prove Lieb’s
uncertainty principle and the Lp boundedness for the generalized spectrogram.
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1. Introduction
Heisenberg type groups were introduced by Kaplan in [9], see also [10]. They have provided
a framework in which to construct interesting examples in geometry and analysis. The informa-
tion of Heisenberg type groups can be applied to the study of pseudoconvex domains in complex
analysis, sub-Riemannian geometry, control theory, and semiclassical analysis of quantum me-
chanics. Quaternion Heisenberg group is three-dimensional center Heisenberg type group related
to the quaternion numbers. It is, in fact, a direct demonstration of Heisenberg type group.
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erties to treat the quantization problem arising in quantum mechanics. M.W. Wong called these
operators Weyl transform in his book [21], where a comprehensive study of Weyl transform can
be found. Weyl operators as a particular type of pseudodifferential operators have proved to be
a useful technique in a quantity of problems like elliptic theory, spectral asymptotics, regularity
problems, etc. (see e.g. [17]). As operators acting on Lp(Rn), Weyl operators have been deeply
investigated. M.W. Wong analyzed in [21] that Weyl transforms with symbol in Lq(R2d) acting
on L2(Rd) are bounded and compact if 1 q  2, while Simon in [19] showed that such results
cannot be extended to 2 < q ∞. Also, M.W. Wong in [22] got sufficient conditions for the
boundedness of the Weyl transforms with symbol in Lq(R2d) acting on Lp(Rd). P. Boggiatto,
G.D. Donno and A. Oliaro in [3] extended the negative results of Simon and obtained a necessary
and sufficient condition. The basic tool used in the study of the Weyl transform is the Wigner
transform (also called Fourier–Wigner transform). There are many other references.
Weyl transforms under other backgrounds have also been studied. We recall some recent
works here. In [14], M.M. Nessibi, L.T. Rachdi and K. Trimèche defined a generalized Fourier
transform and established some harmonic analysis results. In [16], L.T. Rachdi and K. Trimèche
defined the Fourier–Wigner transform and Weyl transform associated with the spherical mean op-
erator. C. Baccar and L.T. Rachdi in [1] defined and studied the Weyl transform associated with a
singular second-order differential operator. L.Z. Peng and J.M. Zhao in [23] studied wavelet and
the Weyl transform associated with the spherical mean operator. While in [15], the two authors
studied Weyl transform associated with the Heisenberg group and their properties.
The spectrogram is one of the three most used time-frequency representations, while the other
two are the Rihaczek and the Wigner representations. They have close relationship with pseudo-
differential operators such as Weyl transforms, localization operators and so on. Spectrogram is
a quadratic representation related to Gabor transform (see [5,8]). As a natural generalization of
the spectrogram, P. Boggiatto, G.D. Donno and A. Oliaro introduced the generalized spectro-
gram and the cross generalized spectrogram with two-window in [4], where they studied their
properties and connections with other time-frequency representations and operators explicitly.
In our paper, we mainly concern the Weyl transform and the spectrogram under the set-
ting of quaternion Heisenberg group. Since the multiplication of quaternion numbers is non-
commutative, we meet some difficulties which does not appear in Euclidean spaces or Heisenberg
group. The plan of this paper is:
In Section 2, we introduce some notations and concepts of this paper. We also give some
properties of harmonic analysis for the quaternion Heisenberg group.
In Section 3, we work on the Wigner transform and the corresponding Weyl transform asso-
ciated with the quaternion Heisenberg group. The criteria of boundedness is given for the Weyl
transform Wρ with symbol ρ ∈ Lq(Q×IQ\{0}, Sq,dν⊗dσ) acting on Lp(Q,dν), that is q  2
and q  p  q ′. Otherwise, the counterexample is given.
In Section 4, we introduce the generalized spectrogram on quaternion Heisenberg group. By
precise calculation, we get Lp estimates and the Lieb uncertainty principle for the spectrogram
defined on quaternion Heisenberg group.
2. Preliminaries
Let Q be the set of all quaternions, IQ be the imaginary part of Q, then IQ ∼= R3. Q denotes
the quaternion Heisenberg group which consists of the set
Q× R3 = {(x, t): x ∈ Q, t = (t1, t2, t3) ∈ R3}
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about Q and Q, we refer to [6,7].
Given a ∈ IQ\{0}, let a˜ = a|a| , then Ja˜ : q → qa˜ defines a complex structure on Q. Let Fa
denote the Hilbert space (Fock space) of all holomorphic functions F with quaternion values on
(Q,Ja˜) such that
‖F‖2 =
∫
Q
∣∣F(q)∣∣2e−2|a||q|2 dq < ∞.
The corresponding irreducible unitary representation πa(x, t) of Q on Fa is realized by
πa(x, t)F (q) = ei〈a,t〉−|a|(|x|2+2〈q,x〉−2i〈qa˜,x〉)F (q + x), for F ∈ Fa.
In the work of Kaplan and Ricci [10], one can find more information about Fock space and its
corresponding representation.
Denote dν(x, t) = dx dt the Lebesgue measure on Q. It is easy to see that this measure is both
right and left translation invariant, hence it is Haar measure. We define Lp(Q,dν) as the space
of measurable functions on Q satisfying
‖f ‖pp =
∫
Q
∣∣f (x, t)∣∣p dν(x, t) < +∞, 1 <p < +∞,
‖f ‖∞ = ess sup
(x,t)∈Q
∣∣f (x, t)∣∣< +∞, p = +∞.
The inner product of L2(Q,dν) is define by
(f, g)2,ν =
∫
Q
f¯ (x, t)g(x, t)dν(x, t).
Let S(Q) be the Schwartz space on Q which is defined as follows:
S(Q) =
{
φ ∈ C∞(Q): P
(
∂
∂η
)I
φ is bounded on Q for every
multiindex I and every quaternion polynomial P
}
,
where ( ∂
∂η
)I = ( ∂
∂x0
)i0 · · · ( ∂
∂x3
)i3( ∂
∂t1
)j1 · · · ( ∂
∂t3
)j3 , I = (i0, . . . , i3, j1, . . . , j3).
The dual space S ′(Q) is the space of tempered distribution on Q. We can define S(Q ×
IQ\{0}) and S ′(Q × IQ\{0}) in the same way.
For f ∈ L1(Q,dv)∩L2(Q,dv), the group Fourier transform of f is defined by
fˆ (a) =
∫
Q
f (x, t)πa(x, t)dx dt =
∫
Q
f a(x)πa(x,0)dx
where f a(x) = ∫IQ\{0} f (x, t)ei〈a,t〉 dt . Then fˆ (a) is an operator taking values in Fa .
The translation operator on S(Q) is defined by τ(x′,t ′)f (x, t) = f ((x′, t ′)−1(x, t)). It can ex-
tend to Lp(Q,dν)(p  1) and we have the following properties:
(i) ̂(τ(x,t)f )(a) = πa(x, t)fˆ (a), f ∈ L1(Q,dv);
(ii) ∫ τ(x,t)f (x′, t ′)dv(x′, t ′) = ∫ f (x, t)dv(x, t);Q Q
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(iv) ‖τ(x,t)f ‖p = ‖f ‖p , f ∈ Lp(Q,dv);
(v) (τ(x,t)f, g) = (f, τ((x,t)−1)g), f,g ∈ L2(Q,dv).
Let Sp be the class of compact operators acting on Hilbert space whose singular numbers
belong to lp . In particular, S1 is the space of trace class operators, S2 is the space of Hilbert–
Schmidt operators on L2(Q,dv) with inner product (T ,S) = tr(T ∗S) (T ∗ is the adjoint operator
of T ). Each Sp is a Banach space with norm ‖T ‖pp = tr(T ∗T )p2 when p is finite. When p = ∞,
the norm is the infinite norm of the singular numbers. For more properties of Sp (1 p ∞),
we refer to [17,18].
Let dσ(a) = |a|22π5 da be the measure defined on IQ\{0}, and dν ⊗ dσ be the measure defined
on Q × IQ\{0}, then Lp(Q × IQ\{0}, Sp,dν ⊗ dσ), 1  p  +∞, denotes the space of Sp-
valued operators which act on Fa with respect to IQ\{0} satisfying
‖f ‖pp,ν⊗σ =
∫
Q×IQ\{0}
∥∥f (x, t;a)∥∥p
Sp
dν(x, t)dσ(a) < +∞, 1 <p < +∞,
‖f ‖∞,ν⊗σ = ess sup
(x,t;a)∈Q×IQ\{0}
∥∥f (x, t;a)∥∥
S∞ < +∞, p = +∞.
We can define Lp(IQ\{0}, Sp,dσ) similarly.
Now we verify some properties of harmonic analysis for quaternion Heisenberg group which
we will use in the sequel. First we state the Plancherel theorem for quaternion Heisenberg group.
In fact, Kunze proved it for the case of locally compact unimodular group in [12]. For the sake
of completeness, we give a specific proof here.
Proposition 2.1. The Fourier transform of quaternion Heisenberg group is an isometric isomor-
phism between L2(Q,dv) and L2(IQ\{0}, S2,dσ(a)), that is to say, ‖f ‖2 =
‖fˆ ‖L2(IQ\{0},S2,dσ(a)) holds, for f ∈ L2(Q,dv). In addition, for f ∈ L1 ∩ Lp with p ∈ [1,2],
we have ‖fˆ ‖
Lp
′
(IQ\{0},Sp′ ,dσ(a))  ‖f ‖p .
Remark. There exists a sharper Hausdorff–Young inequality which we will use later in Section 4.
Proof. Assume that f ∈ L1 ∩L2(Q), then for any F ∈ Fα ,
fˆ (a)F (q) =
∫
Q
f (x, t)πa(x, t)F (q)dx dt
=
∫
Q
f a(x − q)e−|a|(|x−q|2+2〈q,x−q〉−2i〈qa˜,x−q〉)F (x)dx
=
∫
Q
K(x,q)F (x)dx,
where K(x,q) = f a(x − q)e−|a|(|x−q|2+2〈q,x−q〉−2i〈qa˜,x−q〉) is the kernel of fˆ (a).
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∥∥fˆ (a)∥∥2
H−S =
∫
Q
∫
Q
∣∣K(x,q)∣∣2 dx e−2|a||q|2 dq = ∥∥f a∥∥2( π
2|a|
)2
.
In view of the Plancherel theorem on Euclidean spaces, we get
‖f ‖2 = 1
2π5
∫
IQ\{0}
∥∥fˆ (a)∥∥2
H−S |a|2 da = ‖fˆ ‖L2(IQ\{0},S2,dσ(a)).
Since L1 ∩L2(Q) is dense in L2(Q), we can extend the definition of the group Fourier trans-
form to all f ∈ L2(Q) and thus obtain the conclusion.
In addition, for f ∈ L1(Q), we have
‖fˆ ‖L∞(IQ\{0},S∞,dσ(a)) = ess sup
a∈IQ\{0}
∥∥fˆ (a)∥∥
S∞
= ess sup
a∈IQ\{0}
∥∥∥∥
∫
Q
f (x, t)πa(x, t)dν
∥∥∥∥∞  ‖f ‖1.
The Hausdorff–Young inequality is obtained by interpolation. 
Proposition 2.2 (The inverse formula of group Fourier transform). For any f ∈ S(Q), the fol-
lowing inverse formula holds:
f (x, t) =
∫
IQ\{0}
tr
(
π∗a (x, t)fˆ (a)
)
dσ(a).
Proof. For any F ∈ Fa , we have
π∗a (x, t)fˆ (a)F (q) =
∫
Q
f a(y)πa(−x,−t)πa(y,0)F (q)dy =
∫
Q
K(x,t)(y, q)F (y)dy,
where K(x,t)(y, q) = f a(y + x − q)e−i〈a,t〉ei<a,2 Im (y−q)x>−|a|(|y|2−|q|2−2i〈qa˜,y−q〉).
Therefore
tr
(
π∗a (x, t)fˆ (a)
)= ∫
Q
K(x,t)(q, q)e
−2|a||q|2 dq = f a(x)e−i〈a,t〉
(
π
2|a|
)2
.
By the Plancherel theorem on Euclidean spaces we get∫
IQ\{0}
tr
(
π∗a (x, t)fˆ (a)
)
dσ(a) = 1
(2π)3
∫
IQ\{0}
f a(x)e−i〈a,t〉 da = f (x, t). 
Remark. Use the same method as before, we can obtain
(g, f ) =
∫
IQ\{0}
tr
(
gˆ∗(a)fˆ (a)
)
dσ(a), f, g ∈ S. (2.1)
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f ∗ g(x, t) =
∫
Q
f
(
x′, t ′
)
τ(x′,t ′)g(x, t)dv
(
x′, t ′
)
=
∫
Q
f
(
(x, t)
(
x′, t ′
)−1)
g
(
x′, t ′
)
dv
(
x′, t ′
)
.
Property 2.4. If f,g ∈ L1(Q,dv), then f ∗ g ∈ L1(Q,dv), and (̂f ∗ g)(a) = fˆ (a)gˆ(a).
3. Wigner transform and Weyl transform on quaternion Heisenberg group
The aim of this section is to analyze the continuity of Weyl transforms acting on Lp(Q,dν)
with symbols in Lq(Q × IQ/{0}, Sq,dv⊗dσ). We define the Wigner transform and Weyl trans-
form associated with quaternion Heisenberg group. First we follow closely Peng and Zhao’s
work in [15] and consider Wρ acting on L2(Q,dν). Then as in [3], we consider, more generally,
the Weyl transform acting on Lp(Q,dν), with 1 p ∞.
Definition 3.1. For f,g ∈ S(Q,dv), the Wigner transform associated with the quaternion Heisen-
berg group is defined to be
V (f,g)(x, t;a) =
∫
Q
f
(
x′, t ′
)
τ(x′,t ′)g(x, t)πa
(
x′, t ′
)
dv
(
x′, t ′
)= (f · τ·g(x, t))∧(a).
Remark. This definition can extends in a natural way to a variety of cases where the operators
act on Lebesgue spaces, distribution spaces, etc.
We can obtain some important properties:
Proposition 3.2. For f1, f2, g1, g2 ∈ S(Q,dv), we have(
V (f1, g1),V (f2, g2)
)
ν⊗σ =
(
g1, (f1, f2)2,νg2
)
2,ν .
Remark. Because quaternions are uncommutable, we cannot get the same formula as on Heisen-
berg groups and on Euclidean spaces.
Corollary 3.3. V : S(Q,dν) × S(Q,dν) → L2(Q × IQ\{0}, S2,dν ⊗ dσ) can be extended
uniquely to a bilinear operator:
V : L2(Q,dν) × L2(Q,dν) → L2(Q × IQ\{0}, S2,dν ⊗ dσ ),
such that ‖V (f,g)‖2,ν⊗σ  ‖f ‖2,ν‖g‖2,ν .
Proposition 3.4. For f ∈ Lp(Q,dv), g ∈ Lp′(Q,dv), we have
∥∥V (f,g)∥∥
p′,ν⊗σ  ‖f ‖p,ν‖g‖p′,ν,
1
p
+ 1
p′
= 1, p ∈ [1,2].
L. Chen, J. Zhao / Bull. Sci. math. 136 (2012) 127–143 133Proof. It is enough to prove for p = 1. In fact, from Proposition 2.1 we have∥∥V (f,g)∥∥∞,ν×σ = ess sup
(x,t;a)∈Q×IQ\{0}
∥∥V (f,g)(x, t;a)∥∥
S∞
 ‖f ‖1,ν‖g‖∞.
Thus we finish the proof. 
Proposition 3.5. For f,g ∈ L2(Q,dv), then
V (f,g) ∈ Lp(Q × IQ\{0}, Sp,dν ⊗ dσ ), p ∈ [2,+∞].
Proposition 3.6. Let f,g ∈ L1(Q,dv) ∩ L2(Q,dv), and C = ∫Q g(x, t)dv(x, t) is a nonzero
quaternion, then for arbitrary a ∈ IQ\{0}, we have fˆ (a) = ∫Q V (f,g)(x, t;a)dv(x, t)C−1.
Remark. From this theorem and Proposition 2.2 we have
f (x, t) =
∫
IQ\{0}
tr
(
π∗a (x, t)
∫
Q
V (f,g)
(
x′, t ′;a)dv(x′, t ′))dσC−1,
for fˆ (a) ∈ L1(IQ\{0}, S1,dσ(a)). That is to say, f can be represented by Wigner transform.
Definition 3.7. Let ρ ∈ S(Q × IQ/{0}, Sp,dv ⊗ dσ), then the Weyl transform is defined by
(Wρf ,g)2,v =
∫
Q
Wρf (x, t)g(x, t)dv(x, t)
=
∫
Q
∫
IQ/{0}
tr
(
ρ∗(x, t;a)V (f,g)(x, t;a))dσ(a)dv(x, t),
where f,g ∈ S(Q,dv).
It is easy to see that the operator-valued kernel of Wρ is given by
K
(
(x, t); (x′, t ′))= ∫
IQ\{0}
tr
(
ρ∗
((
x′, t ′
)
(x, t);a)πa(x′, t ′))dσ(a). (3.1)
Theorem 3.8. Let ρ ∈ L1(Q×IQ/{0}, S1,dν⊗dσ), the operator Wρ from L1(Q,dν) into itself
belongs to S1, therefore Wρ is bounded.
Proof. From (3.1), we know that
‖Wρ‖S1 =
∫
Q
∣∣K((x, t); (x, t))∣∣dν(x, t)
 C
∫
Q
∫
IQ\{0}
tr
(∣∣∣∣ρ∗(x, t;a)πa
(
x
2
,
t
2
)∣∣∣∣
)
dσ(a)dν(x, t)
 C
∫
Q
∫
IQ\{0}
tr
(∣∣ρ∗(x, t;a)∣∣)dσ(a)dν(x, t) = C‖ρ‖1,ν⊗σ .
Thus, Wρ ∈ S1, therefore it is bounded. 
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Proof. In fact
‖Wρ‖S2 =
∫
Q
∫
Q
∣∣K((x, t); (x′, t ′))∣∣2 dν(x, t)dν(x′, t ′)
=
∫
Q
∫
Q
∣∣∣∣
∫
IQ\{0}
tr
(
ρ∗
((
x′, t ′
)
(x, t);a)πa(x′, t ′))dσ(a)
∣∣∣∣2 dν(x, t)dν(x′, t ′)
=
∫
Q
∫
Q
∣∣∣∣
∫
IQ\{0}
tr
(
π∗a
(
x′, t ′
)
ρ
((
x′, t ′
)
(x, t);a))dσ(a)∣∣∣∣2 dν(x, t)dν(x′, t ′)
=
∫
Q
∫
Q
∣∣I ⊗ F−1(ρ)((x′, t ′)(x, t), ·)(x′, t ′)∣∣2 dν(x, t)dν(x′, t ′)
=
∫
Q
∫
IQ\{0}
∥∥ρ((x, t)·;a)∥∥2
H−S dσ(a)dν(x, t) = ‖ρ‖22,ν⊗σ .
Thus, Wρ ∈ S2. 
Theorem 3.10. Let ρ ∈ Lp(Q × IQ\{0}, Sp,dν ⊗ dσ), p ∈ [1,2], then Wρ : L2(Q,dν) →
L2(Q,dν) is a compact operator.
One of our main results in this paper is as follows:
Theorem 3.11. For 2 <p < +∞, there exists an operator-valued function ρ in Lp(Q×IQ/{0},
S1,dν ⊗ dσ) such that Wρ is not a bounded linear operator on L2(Q,dν).
As in [15], we prove the theorem by establishing the following two lemmas.
Lemma 3.12. Suppose that for all ρ ∈ Lp(Q × IQ/{0}, Sp,dν ⊗ dσ), 2 < p < ∞, the Weyl
transform Wρ is a bounded linear operator on L2(Q,dν), then there exists a positive constant C
such that for all ρ ∈ Lp(Q × IQ/{0}, Sp,dν ⊗ dσ), 2 <p < ∞,
‖Wρ‖B(L2)  C‖ρ‖p,ν⊗σ .
Proof. We can see that for any ρ ∈ Lp(Q × IQ/{0}, Sp,dν ⊗ dσ), 2 < p < ∞, there exists a
constant Cρ depending on ρ such that for all f ∈ L2(Q,dν),
‖Wρf ‖2  Cρ‖f ‖2.
Now we consider the operator: Rf,g : Lp(Q × IQ/{0}, Sp,dν ⊗ dσ) → Q defined by
Rf,g(ρ) = (Wρf ,g), where f,g ∈ L2(Q,dν) with ‖f ‖2 = ‖g‖2 = 1, then
sup
‖f ‖2=‖g‖2=1
∣∣Rf,g(ρ)∣∣ Cρ‖ρ‖p,ν⊗σ ,
∀ρ ∈ Lp(Q × IQ/{0}, Sp,dν ⊗ dσ ), 2 <p < ∞.
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sup
‖f ‖2=‖g‖2=1
∣∣Rf,g(ρ)∣∣ C‖ρ‖p,ν⊗σ ,
thus we have ‖Wρ‖B(L2)  C‖ρ‖p,ν⊗σ . 
Lemma 3.13. For 2 < p < +∞, there is no positive constant C such that the inequality in the
above lemma holds.
Proof. In the proof, we take the technique in Peng and Zhao’s work [15]. Suppose the assertion
of the lemma is false. Then there exists a positive constant C such that the above inequality holds
for any fixed p, 2 <p < ∞. We have
∥∥V (f,g)∥∥
p′,ν⊗σ = sup‖ρ‖p,ν⊗σ=1
∣∣∣∣
∫
Q
∫
IQ\{0}
tr
(
ρ∗(x, t;a)V (f,g)(x, t;a))dv(x, t)dσ(a)∣∣∣∣
= sup
‖ρ‖p,ν⊗σ=1
∣∣(Wρf ,g)∣∣ C‖f ‖2‖g‖2,
for all f,g ∈ L2(Q,dν), and p′ is the conjugate of p.
Let f (x, t) = |x|α|t |βχA(x, t), where A = {(x, t): |x|  1, |t |  1}, then for α > −2, β >
− 32 , we have f (x, t) ∈ L2(Q). It is easily seen that for all a ∈ IQ\{0}, V (f,f ) is supported in
T = {(x, t): |x| 2, |t | 4}.
Thus, on the one hand, we have
( ∫
IQ\{0}
∥∥∥∥
∫
Q
V (f,f )(x, t;a)dν(x, t)
∥∥∥∥p
′
Sp′
dσ(a)
) 1
p′
=
( ∫
IQ\{0}
(
sup
‖ρ‖p,ν⊗σ=1
∣∣∣∣tr
(
ρ∗(a)
∫
Q
V (f,f )(x, t;a)dν(x, t)
)∣∣∣∣
)p′
dσ(a)
) 1
p′

( ∫
IQ\{0}
( ∫
Q
sup
‖ρ‖p,ν⊗σ=1
∣∣tr(ρ∗(a)V (f,f )(x, t;a))∣∣dν(x, t))p′ dσ(a)) 1p′

∫
Q
( ∫
IQ\{0}
∥∥V (f,f )(x, t;a)∥∥p′
Sp′
dσ(a)
) 1
p′
dν(x, t)

(∫
T
dν(x, t)
) 1
p
(∫
T
∫
IQ\{0}
∥∥V (f,f )(x, t;a)∥∥p′
Sp′
dν(x, t)dσ(a)
) 1
p′
< ∞. (3.2)
On the other hand,∫ ∥∥fˆ (a)∥∥p′
Sp′
dσ(a)
∫ ∥∥fˆ (a)∥∥p′
S∞ dσ(a)
∫ ∣∣(fˆ (a)Ea0,0,Ea0,0)∣∣p′ dσ(a),
IQ\{0} IQ\{0} IQ\{0}
136 L. Chen, J. Zhao / Bull. Sci. math. 136 (2012) 127–143where {Eaj,k−j (q): j = 0,1, . . . , k} is an orthonormal basis of Fa,k (it is the subspace of homo-
geneous polynomials of the Fock space) satisfying
k∑
j=0
(
πa(x,0)Eaj,k−j ,E
a
j,k−j
)= e−|a||x|2L1k(2|a||x|2),
and Lmk denotes the Laguerre polynomial of type m and degree k defined by
Lmk (x) =
1
k!e
xx−m
(
d
dx
)k(
e−xxm+k
)
([13]).
By direct calculation,(
fˆ (a)Ea0,0,E
a
0,0
)= (∫
Q
|x|α|t |βχA(x, t)ei〈a,t〉πa(x,0)Ea0,0 dν(x, t),Ea0,0
)
=
∫
|x|1
|x|αe−|a|x2 dx
∫
|t |1
|t |βei〈a,t〉 dt
= C|a|−( α2 +2)−(β+3)
|a|∫
0
e−r r
α
2 +1 dr
|a|∫
0
rβ+1 sin r dr.
Since
∞∫
0
e−r r
α
2 +1 dr = Γ
(
α + 4
2
)
(α > −2),
∞∫
0
rβ+1 sin r dr = Γ (β + 2) cos
(
π
2
(β + 1)
)
(−3 < β < −1),
there exist positive numbers a0,M0, such that when |a| > a0, we have |
∫ |a|
0 r
β+1 sin r dr|M0,∫ |a|
0 e
−r r α2 +1 M0. Thus we have∫
IQ\{0}
∣∣(fˆ (a)Ea0,0,Ea0,0)∣∣p′ dσ(a) CM0,p
∫
|a|a0
|a|−( α2 +2)p′−(β+3)p′+2 da = ∞,
if α + 2β < − 10
p
.
When p > 2, it is obvious that there exist such α,β satisfying α > −2, β > − 32 , α + 2β <
− 10
p
. From Proposition 3.6, this fact contradicts with (3.2). Thus we finish the proof. 
In the following, we turn to study the Wigner transform and Weyl transform acting on
Lp(Q,dν), with 1 p ∞.
Proposition 3.14. Let us fix p,q satisfying q  2 and q ′  p  q , where q ′ is the conjugate of q .
Then V : Lp′(Q,dν)×Lp(Q,dν) → Lq(Q × IQ/{0}, Sq,dν ⊗dσ) is continuous, in particular∥∥V (f,g)∥∥
q,ν×σ  ‖f ‖p′,ν‖g‖p,ν. (3.3)
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p,ν×σ  ‖f ‖p′,ν‖g‖p,ν, p > 2. (3.5)
From Proposition 2.1 we have
∥∥V (f,g)∥∥∞,ν×σ = ess sup
(x,t;a)∈Q×IQ\{0}
∥∥∥∥
∫
Q
f
(
x′, t ′
)
τ(x′,t ′)g(x, t)πa
(
x′, t ′
)
dv
(
x′, t ′
)∥∥∥∥
S∞
 ‖f ‖p′,ν‖g‖p,ν. (3.6)
By interpolation, (3.5) and (3.6) give us∥∥V (f,g)∥∥
q,ν×σ  ‖f ‖p′,ν‖g‖p,ν,
when p  2, q  2, and q ′  p  q .
If p < 2, again by interpolation, from (3.4) with p = 1 and (3.6) we get∥∥V (f,g)∥∥
p′,ν×σ  ‖f ‖p′,ν‖g‖p,ν, p < 2. (3.7)
Now (3.6) and (3.7) give the desired result for p < 2. 
Proposition 3.15. The Wigner transform
V : Lp′(Q,dν) ×Lp(Q,dν) → Lq(Q × IQ\{0}, Sq,dν ⊗ dσ )
is not continuous for any p satisfying p > q or p < q ′.
Proof. Suppose that V is continuous, then there exists a constant C such that∥∥V (f,g)∥∥
q,ν⊗σ  C‖f ‖p′‖g‖p, ∀f ∈ Lp
′
(Q,dν), g ∈ Lp(Q,dν).
We will give a counterexample to show that the above inequality cannot be true for any p
satisfying p > q .
In fact, take f (x, t) = |x|α1 |t |β1χA(x, t), g(x, t) = |x|α2 |t |β2χA(x, t) (A is the same as in
Lemma 3.13), then if α1 > − 4p′ , β1 > − 3p′ , α2 > − 4p , β2 > − 3p , we can compute that f ∈
Lp
′
(Q,dν) and g ∈ Lp(Q,dν). Also, ∫Q g(x, t)dv(x, t) is nonzero and finite.
Using the same method as in Lemma 3.13, then on the one hand, it is easily seen that( ∫
IQ\{0}
∥∥∥∥
∫
Q
V (f,g)(x, t;a)dν(x, t)
∥∥∥∥q
Sq
dσ(a)
) 1
q
< ∞.
On the other hand, according to Proposition 3.6 and Lemma 3.13, we have( ∫
IQ\{0}
∥∥∥∥
∫
Q
V (f,g)(x, t;a)dν(x, t)
∥∥∥∥q
Sq
dσ(a)
) 1
q
∞,
for α1 + 2β1 < − 10q ′ .
When p > q , such α1, β1 satisfying α1 > − 4p′ , β1 > − 3p′ , α1 + 2β1 < − 10q ′ do exist. This
contradicts our assumption.
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we complete the proof. 
Proposition 3.16. For the Weyl transform Wρ with ρ ∈ Lq(Q × IQ\{0}, Sq,dν ⊗ dσ). Then
ρ ∈ Lq(Q × IQ\{0}, Sq,dν ⊗ dσ )→ Wρ ∈ B(Lp(Q,dν))
is continuous if and only if q  2 and q  p  q ′, with the corresponding norm estimate
‖Wρ‖B(Lp)  C‖ρ‖Lq , C > 0.
Proof. First we consider 1 <p < ∞. In this case, we claim that
Wρ : ρ ∈ Lq
(Q × IQ\{0}, Sq,dν ⊗ dσ )→ Wρ ∈ B(Lp(Q,dν))
is continuous if and only if
V : Lp(Q,dν)× Lp′(Q,dν) → Lq ′(Q × IQ\{0}, Sq ′ ,dν ⊗ dσ )
is continuous.
Combined this with Propositions 3.14 and 3.15, it is easy to see that Proposition 3.16 is true
when 1 <p < ∞. Now we shall verify the claim as follows.
Sufficiency. When Wρ is continuous, there exists a constant C such that ‖Wρ‖ C‖ρ‖, thus
for f,g ∈ S(Q,dν), we have
∥∥V (f,g)∥∥
q ′,ν×σ = sup‖ρ‖q,ν×σ=1
∣∣∣∣
∫
Q
∫
IQ\{0}
tr
(
ρ∗(x, t;a)V (f,g)(x, t;a))dv(x, t)dσ ∣∣∣∣
= sup
‖ρ‖q,ν×σ=1
∣∣(Wρf ,g)∣∣ C‖f ‖p‖g‖p′ .
Thus V is continuous.
Necessity. If V is continuous, then
∣∣(Wρf ,g)∣∣=
∣∣∣∣
∫
Q
∫
IQ\{0}
tr
(
ρ∗(x, t;a)V (f,g)(x, t;a))dσ(a)dν(x, t)dν(x′, t ′)∣∣∣∣

∫
Q
∫
IQ\{0}
∥∥ρ(x, t;a)∥∥
Sq
∥∥V (f,g)(x, t;a)∥∥
Sq′
dσ(a)dν(x, t)

(∫
Q
∫
IQ\{0}
∥∥ρ(x, t;a)∥∥q
Sq
dσ dν(x, t)
) 1
q
×
(∫
Q
∫
IQ\{0}
∥∥V (f,g)(x, t;a)∥∥q ′
Sq′
dσ dν(x, t)
) 1
q′
= ‖ρ‖q,ν⊗σ
∥∥V (f,g)∥∥
q ′,ν⊗σ  C‖ρ‖q,ν⊗σ‖f ‖p,ν‖g‖p′,ν .
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‖Wρf ‖L1(Q,dν)
=
∫
Q
∣∣∣∣
∫
Q
∫
IQ\{0}
tr
(
ρ∗
(
(x, t)
(
x′, t ′
);a)πa(x′, t ′))dσf (x′, t ′)dv(x′, t ′)
∣∣∣∣dv(x, t)
 ‖ρ‖1,ν⊗ρ‖f ‖1,ν .
When p = ∞, then q = 1, we have
‖Wρf ‖L∞(Q,dν)
= ess sup
∣∣∣∣
∫
Q
∫
IQ\{0}
tr
(
ρ∗
(
(x, t)
(
x′, t ′
);a)πa(x′, t ′))dσf (x′, t ′)dv(x′, t ′)
∣∣∣∣
 ‖ρ‖1,ν⊗ρ‖f ‖∞,ν . 
4. Spectrogram and uncertainty principle on quaternion Heisenberg group
This section is inspired by the work of P. Boggiatto, G.D. Donno and A. Oliaro [4]. We define
the generalized spectrogram associated with quaternion Heisenberg group, then we deduce the
Lp boundedness and Lieb’s uncertainty principle of the generalized spectrogram by adapting
some precise result of Young inequality on quaternion Heisenberg group.
Definition 4.1. The generalized spectrogram on the quaternion Heisenberg group is defined as
the following form
qφ,ψ(f, g)(x, t;a) = V (f,φ)(x, t;a)V (g,ψ)(x, t;a).
We shall generally discuss three settings where the generalized spectrogram can be defined:
tempered distributions, C∞ functions and Lp functions.
It is known that the generalized spectrogram qφ,ψ(f, g) is in general not defined if V (f,φ)
and V (g,ψ) are in S ′. We need to introduce some restrictions in the distribution case.
Definition 4.2. Let B(Q) be the space of smooth bounded functions together with all its deriva-
tives, i.e. the space of C∞ functions h such that for every multiindex I ∈ N7 there exists a
constant MI with |( ∂∂η )I h(x, t)|MI .
We can define B(Q × IQ\{0}) similarly, i.e. the space of C∞ functions h such that for every
multiindex I = (I1, I2) ∈ N7 ×N3 there exists a constant NI with |( ∂∂η )I1( ∂∂a )I2h(x, t;a)|NI .
As in [4], we get the following three conclusions.
Lemma 4.3. If ψ ∈ B(Q), g ∈ S(Q), then V (g,ψ) ∈ B(Q × IQ\{0}).
Proposition 4.4. Let f,φ ∈ S ′(Q) and ψ ∈ B(Q), g ∈ S(Q), then qφ,ψ(f, g) is a well-defined
tempered distribution in Q × IQ\{0}.
Proposition 4.5. Let f,g ∈ S ′(Q) and φ,ψ ∈ S(Q) (or vice versa f,g ∈ S(Q) and φ,ψ ∈
S ′(Q)), then qφ,ψ(f, g) ∈ C∞(Q × IQ\{0}).
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estimate given by A. Baklouti, K. Smaoui and J. Ludwig in [2], which is the most precise result
we can find so far.
Lemma 4.6. (See [2].) Let G be a connected and simply connected nilpotent Lie group with Lie
algebra g and m be the dimension of the generic orbits. Then for 1 <p  2, we have
∥∥Fp(G)∥∥A 2 dim(G)−m2p
where As = ( s
1
s
s
′ 1
s′
)
1
2 , for 1 < s < ∞, Fp is a continuous operator from Lp(Q) to Lp′(IQ\{0},
Sp′ ,dσ) and ‖Fp(G)‖ = sup‖ϕ‖p1 ‖Fp(ϕ)‖p′ .
We learn from [11] that, as a specific case of Heisenberg type groups, the dimension of generic
orbits on quaternion Heisenberg group is 4. Thus we get the following corollary directly.
Corollary 4.7. For 1 <p  2, we have ‖Fp(Q)‖A5p .
Corollary 4.8 (Young inequality). For 1 <p,q, r ′  2, where 1 + 1
r
= 1
p
+ 1
q
, we have
‖f ∗ g‖r A5r ′A5pA5q‖f ‖p‖g‖q .
The proof of the estimate is analogous to [12].
Theorem 4.9. Let us fix pj ,p′j , qj , j = 1,2, with 1pj + 1p′j = 1 and qj max{pj ,p
′
j }. If f ∈ Lp1 ,
φ ∈ Lp′1 , g ∈ Lp2 , ψ ∈ Lp′2 and p = q1q2
q1+q2 , then
p  h := max{p1,p
′
1}max{p2,p′2}
max{p1,p′1} + max{p2,p′2}
,
and ∫
Q
∫
IQ\{0}
∥∥qφ,ψ(f, g)(x, t;a)∥∥pSp dσ dν K(‖f ‖p1‖g‖p2‖φ‖p′1‖ψ‖p′2),
where K = A5p
q ′1
A
5p
q ′2
(Ap1
q′1
Ap′1
q′1
A(q1
q′1
)′)
5p
q′1 (Ap2
q′2
Ap′2
q′2
A(q2
q′2
)′)
5p
q′2
.
Proof. Let J = ∫IQ\{0} ‖qφ,ψ(f, g)(x, t;a)‖Sp dσ(a), then we have
J =
∫
IQ\{0}
∥∥(f τ·φ(x, t))∧(a)(gτ·ψ(x, t))∧(a)∥∥pSp dσ(a)

∥∥(f τ·φ(x, t))∧∥∥pLq1 (IQ\{0},Sq1 ,dσ)∥∥(gτ·ψ(x, t))∧∥∥pLq2 (IQ\{0},Sq2 ,dσ)
A5p′ A5p′
∥∥f τ·φ(x, t)∥∥p′ ∥∥gτ·ψ(x, t)∥∥p′ .q1 q2 q1 q2
L. Chen, J. Zhao / Bull. Sci. math. 136 (2012) 127–143 141The first inequality is obtained by the general Hölder inequality, where 1
p
= 1
q1
+ 1
q2
, the second
inequality just follows from Corollary 4.7. Thus by Young inequality we have∫
Q
∫
IQ\{0}
∥∥qφ,ψ(f, g)(x, t;a)∥∥pSp dσ dν
A5p
q ′1
A
5p
q ′2
∫
Q
(|f |q ′1 ∗ |φ|q ′1) pq′1 (|ψ |q ′1 ∗ |g|q ′2) pq′2 dν
A5p
q ′1
A
5p
q ′2
(∫
Q
(|f |q ′1 ∗ |φ|q ′1) pq′1 · q1p dν) pq1 (∫
Q
(|ψ |q ′2 ∗ |g|q ′2) pq′2 · q2p dν) pq2
A5p
q ′1
A
5p
q ′2
(∥∥|f |q ′1 ∗ |φ|q ′1∥∥ 1q′1q1
q′1
∥∥|ψ |q ′2 ∗ |g|q ′2∥∥ 1q′1q1
q′1
)p
A5p
q ′1
A
5p
q ′2
(Ap1
q′1
Ap′1
q′1
A(q1
q′1
)′)
5p
q′1 (Ap2
q′2
Ap′2
q′2
A(q2
q′2
)′)
5p
q′2
× (∥∥|f |q ′1∥∥ 1q′1p1
q′1
∥∥|g|q ′2∥∥ 1q′2p2
q′2
∥∥|φ|q ′1∥∥ 1q′1
p′1
q′1
∥∥|ψ |q ′2∥∥ 1q′2
p′2
q′2
)p
= K(‖f ‖p1‖g‖p2‖φ‖p′1‖ψ‖p′2)p.
This proves the theorem with constant K . 
When q1 = q2 = 2p, we have the following result.
Corollary 4.10. Let us fix pj ,p′j , j = 1,2, with 1pj + 1p′j = 1 and h  p < ∞, for h =
1
2 max{p1,p′1,p2,p′2}. If f ∈ Lp1 , φ ∈ Lp
′
1 , g ∈ Lp2 , ψ ∈ Lp′2 , then∫
Q
∫
IQ\{0}
∥∥qφ,ψ(f, g)(x, t;a)∥∥pSp dσ dν K1(‖f ‖p1‖g‖p2‖φ‖p′1‖ψ‖p′2),
where K1 = A5p(2p)′A5p(2p)′(A p1
(2p)′
A p′1
(2p)′
A( q1
(2p)′ )
′)
5p
(2p)′ (A p2
(2p)′
A p′2
(2p)′
A( q2
(2p)′ )
′)
5p
(2p)′
.
Corollary 4.11. If f,φ,g,ψ ∈ L2 and 1 p < ∞, then∫
Q
∫
IQ\{0}
∥∥qφ,ψ(f, g)(x, t;a)∥∥pSp dσ dν 
(
1
p
)5(‖f ‖2‖g‖2‖φ‖2‖ψ‖2).
Remark. If f = g, φ = ψ , we obtain∫
Q
∫
IQ\{0}
∥∥V (f,φ)∥∥2p
S2p
dσ dν 
(
1
p
)5(‖f ‖22‖φ‖22)p, p  1.
This is based on the fact that V (f,φ) is the adjoint operator of V (f,φ).
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Q
∫
IQ\{0}
∥∥V (f,φ)∥∥q
Sq
dσ dν 
(
1
p
)5(‖f ‖22‖φ‖22)p, q  2.
Thus Proposition 3.5 holds.
We shall now prove the uncertainty principle for the generalized spectrogram.
Theorem 4.12. If f ∈ Lp1 , φ ∈ Lp′1 , g ∈ Lp2 , ψ ∈ Lp′2 . If there exist U ⊆ Q×IQ\{0} and ε  0
such that∫
U
∥∥qφ,ψ(f, g)(x, t;a)∥∥Sp dσ dν  (1 − ε)‖f ‖p1‖g‖p2‖φ‖q1‖ψ‖q2 .
Then
μ(U) sup
p>h
(1 − ε) pp−1 K p1−p ,
where μ is the measure on Q × IQ\{0}, K,h is the same as in Theorem 4.9.
Proof. Using Theorem 4.9 and Hölder inequality, we can get
(1 − ε)‖f ‖p1‖g‖p2‖φ‖q1‖ψ‖q2

∫
U
∥∥qφ,ψ(f, g)(x, t;a)∥∥Sp dσ dν

(∫
Q
∫
IQ\{0}
∥∥qφ,ψ(f, g)(x, t;a)∥∥pSp dσ dν
) 1
p
(∫
U
dσ dν
) 1
p′
K‖f ‖p1‖g‖p2‖φ‖q1‖ψ‖q2μ(U)
p−1
p .
Thus we have
μ(U) sup
p>h
(1 − ε) pp−1 K p1−p . 
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